Integration by Substitution and Parts 2008-2014 with MS

1a.[5 marks]

Letf(a:): T, 0<z<1

/ _1,.-1
Show thatf (z) = P (1—-z) and deduce thaff is an increasing function.

1b. [6 marks]

[

Show that the curve¥ = f(%) has one point of inflexion, and find its coordinates.
1c.[11 marks]

) _ . S 2
Use the substitutionz = sin®6 to show thatff(w)dx = arcsin /z T—z"+cC,
2a.[1 mark]

The functionfis defined on the domain[% 5 by f(z) = e “cosz
State the two zeros of .
2b. [1 mark]
Sketch the graph of .
2c. [7 marks]
The region bounded by the graph, th&-axis and they-axis is denoted byA and the region bounded
by the graph and thex-axis is denoted byB . Show that the ratio of the area oAto the area ofBis

e’ (eg + 1)

em+1
3.[7 marks]
By using the substitutionez = sint , find ¥ v1-z2 .

4.[6 marks]

By using an appropriate substitution find

t 1
[@dy,wo_

5.[6 marks]
T ot _ V3
Show thatJo’ @ sin2zdz = % — 3¢
6. [5 marks]

e, 2
Calculate the exact value 0{1 z°Inzdr

7a.[9 marks]
(i) Sketch the graphs o/ = SINT gndyY = SIN2T  on the same set of axes, sz

(if) Find the x-coordinates of the points of intersection of the graphs in the domaiﬂ <
(i) Find the areaenclosed by the graphs.
7b. [8 marks]

1 [z d
— x .
Find the value of’f0 iz using the substitutionx = 4sin®@ .



7c.[8 marks]
The increasing functionf satisfies f(0) = 0 gng f(a) = b ,wherea > 0andb > 0.

a b o,
(i) By reference to a sketch, show thalo f(@)dz =ab— [ f~(z)dz

2 .
(i) Hence find the value otJo aresin (§) dz
8a. [8 marks]

Prove by mathematical induction that, fom & Z+,

1 1\2 1)\? 1\"! n+2
1+2(=)+3(= al =) +... - —4— )
- (2)+ (2) * (2) - +n(2) gn—1

8b. [17 marks]

% 1 200 i
(a) Using integration by parts, show thatfe sinzdr = 5 e*(2sinz —cosz) +C

ﬂ_ /1 _ 22a2T &}
(b) Solve the differential equationdz — 1—ye SIhnx given thaty = 0 whenx= 0,

writing your answer in the form ¥ = f(x).
(c) (i) Sketch the graph o = f(2) , found in pat (b), for 0 < & < 1.5,
Determine the coordinates of the point P, the first positive intercept on thg-axis, and mark it on

your sketch.

(i) The region bounded by the graph o¥ = f(®) and thex-axis, between the origin and P, is
rotated 360° about thex-axis to form asolid of revolution.
Calculate the volume of this solid.

9a. [6 marks]

_ pn+Dr .
The integral In is defined byIn = Jox € 7|sinz|dz, forn e N

show thatlo = 3 (L +e77)
9b. [4 marks]

By letting¥ = & — N7 show thatdn =€ "I .
9c. [5 marks]

Hence determine the exact value ol € ° |sinz|dz
10a. [6 marks]

FIE]

Sec2:l: d
sz dg
™

Calculate” 7 Vianz

10b. [3 marks]
Find J tan’zdz

11a. [7 marks]

V2 s P
Find the value of the integraLfo 4 —z*dz
11b. [5 marks]

0.5 inzd
Find the value of the integralfo arcsm rdr

11c. [7 marks]



Using the substitutiont = tan @, find the value of the integral

T dé
fo 3cos?f + sin’6
12a. [2 marks]
Express4£ll2 — 42 + 5in the form @(z — h)? + kwherea h k € Q.
12b. [3 marks]
The graph of¥Y = ? is transformed onto the graph o = 4a® — 4z +5 pescribe a sequence of

transformations that does this, making the order of transformations clear.
12c. [2 marks]

The functionf is defined byf(m) - m.
Sketch the graph o¥ = f(z),

12d. [2 marks]
Find the range off.

12e. [3 marks]

_1 1
By using a suitable substitution show thaJl flz)dz = 4 f u?+1 du.
12f. [7 marks]
3.5 1
Prove that’/l = 42?—4z+5

13. [7 marks]

—
da:—lﬁl

1
z to show that

(a) Given thata > 1, use the substitution =
T

SR | L |
/ dar::/ dz.
1 1+ 2 1 14w

1
(b) Hence show that 2fCtan & + arctan - = 3

14. [6 marks]
1
Find the value offo tln(t + l)dt.
15a. [4 marks]
Find J zsec’zdz.

15b. [2 marks]

m 2 .
Determine the value ofmif Jo @sec’zdz = 0.5

, wherem> 0.
16. [5 marks]
sin @
(a) Integratef 17c039d0.
g sin 1 -
(b) Given that’z 1-cos#® 2and2 <2 <7 find the value ofa .

17.[8 marks]

Using the substitutionz = 2sin @, show that

/\/4 —2%de = AzvVA -2 + Barcsin% + constant ,



where

A

and

B

are constants whose values you are required to find.
18a. [5 marks]

Let f(2) = z(z +2)°,
Solve the inequalityf () > .
18b. [5 marks]

Find J/ f(z)dz.
19. [7 marks]

Jroy - (3v3+m—6)

Use the substitutionz = a sec 8 to show that®v2 z3vaZ—a?  24a’

20a. [2 marks]

t
. . : - . o =——,t=
Particle Amoves such that its velocityvm s 1, at timet seconds, is given bf/](t) 12+ 7 t > 0.

Sketch the graph o¥ = v(%). Indicate clearly the local maximum and write down its coordinates.
20b. [4 marks]

Use the substitutionus = 2 to find f ﬁ dt
20c. [3 marks]
Find the exact distance travelled by particled betweent = 0 andt = 6 seconds.
Give your answer in the formk arctan(b), k, b € R
20d. [3 marks]
Particle B moves such that its velocitywym s~ is related to its displacementsm , by the equation
v(s) = arcsin (1/s)
Find the acceleration of particle B whes = 0.1m .
21. [7 marks]

f dz — —va2+4 + C
By using the substitutionz = 2 tanu, show that’ 2?vz>+4 4z



Integration by Substitution and Parts 2008-2014 MS

la. [5 marks]

Markscheme

EITHER
(1—z)-x(-1)

€T
derivative of -z is  (1-z)°  M1A1
1

' _ 1 Tz \73 1

f'@) =5 (%) (1-2)* M1A1
1 -1 _3

— 1ot 1-a) g
fi(z) >0 (for all 0 < = < 1) so the function is increasingR1

OR
f(w) = =22 1
(1-z)2
, (1-z)2 (%m75)—%a:5(1—z)75(—1)
f(z) = - M1A1
I ——
=3z (l—z) 2[1 -2+ 2 M1
1 1

3
— E.’E_Z (1_33)_2 AG
fi(z) >0 (for all 0 < = < 1) so the function is increasingR1

[5 marks]
1b. [6 marks]
Markscheme
1 3
fl@) =% i(1—-2)
= f"(z) = — % ¢ 3 (1- m)*% -+ % 1 (1- a:)*% M1A1L
= —Llg73(1—2) [1-4a|
—” T z : z
@) =0=2= 7 \yia1
_ 1
f(z) changes sign af = 7 hence there is a point of inflexiorR1
T=1=>y=—+
V3 Al

1 1

the coordinates are(4 ’ \/ﬁ)
[6 marks]

1c.[11 marks]

Markscheme
— gin2 dz _ 9
T = sin“0 = % = 2s1n6’cos(3’MlA1

S/ de = f,/%;‘ztg2sin6?cos€d9MIAl

= f2sin29d9A1

=f1—c0529d9 M1A1

6 = arcsin /z 51

3sin20 =sinfcosb = /zv/1—z = Vo — 2% \y 54

1/ T=dz = arcsin —Ve—2x22+c
hencef 1-z Ve + AG

[11 marks]

Examiners report

Part (a) was generally well done, although few candidates made the final deduction asked for. Those
that lost other marks in this part were generally due to mistakes in algebraic manipulation. In part




(b) whilst many students found the second derivative ad set it equal to zero, few then confirmed

that it was a point of inflexion. There were several good attempts for part (c), even though there

were various points throughout the question that provided stopping points for other candidates.
2a.[1 mark]

Markscheme

e *cosr=0

—r 3
=T=73, 3 A1l

[1 mark]
Examiners report
Many candidates stated the two zeros dfcorrectly but the graph off was often incorrectly drawn.
In (c), many candidates failed to realise that integration by parts had to be used twice here and even
those who did that often made algebraic errors, usually due to the frequent changes of sign.
2b. [1 mark]
Markscheme

(&N

7!/1. 3 '_'/L

N

2w

v

Al

Note: Accept any form of concavity fof*® € [0’ %}
Note: Do not penalize unmarked zeros if given in part (a).
Note: Zeros written on diagram can be usetb allow the mark in part (a) to be awarded
retrospectively.
[1 mark]
Examiners report
Many candidates stated the two zeros dfcorrectly but the graph off was often incorrectly drawn.
In (c), many candidates failed to realise that integration by partsdd to be used twice here and even
those who did that often made algebraic errors, usually due to the frequent changes of sign.
2c. [7 marks]

Markscheme

attempt at integration by parts M1

EITHER

I=[e*coseder = —e “coszdz — [e “sinzdz pq
= [ =—e “coswde — [—e “sinz + [e * coszdz] A

= I =" (sinz—cosz) +C 5y
Note: Do not penalize absence df.

OR

I=[e"coszde =e ?sinz+ [e “sinzdr pq
I=e*sinz —e ®cosx — fe_m cos zdzx Al

= I =" (sinz —cosz) + C 5,
Note: Do not penalize absence d.
THEN

JoZ e @ coszdr = [ (sinz — cos m)}og = +




mhmlga
I
a
®
o

2

3m /T
e 2 (e 2+1)
i
2

e’ (e% —|—1)
em+1 AG
[7 marks]
Examiners report
Many candidates stated the two zeros dfcorrectly but the graph off was often incorrectly drawn.
In (c), many candidates failed to realise that integration by parts had to be used twice here and even
those who did that often made algebraic errors, usually due to the frequent changes of sign.
3. [7 marks]
Markscheme
x =sint,d z = costdt
f 2 dz = fﬂcostdt

V1—2? v1—sin’t M1
= fsinstdt (Al)
= [sin®*tsint dt

= [(1 — cos®t)sintdt pyq a1
= [sintdt — [cos?tsintdt
_ cosdt

= —COSt+ T +CA1A1

- Vi@ i (vit@) +o,
(=—vi-a?(1-1(1-2%)+C)
(=—%M(2+w2)+(])

[7 marks]
Examiners report
Just a few candidates got full marks in this question. Substitution was usually incorrectly done and

lead to wrong results. A cosine term in the denominator was a popular error. Candidates often
chose unhelpful trigonometric identities and attempted integation by parts. Results such as

fsin3t dt = st | ¢ : : - -
4 were often seen along with other misconceptions concerning the

manipulation/simplification of integrals were also noticed. Some candidates unsatisfactorily
attempted to usearcsin z . However, there were some good solutions inveing an expression for
the cube ofsin ¢ in terms of sint andsin 3t . Very few candidates reexpressed their final result in
terms of x.
4.[6 marks]
Markscheme
u=lhy=du=

1
Let o v 4y AL(AL)
tan(ln
[ dy = [tanudu Al

= [28% dy = —In|cosu| + c 5y

cosu

EITHER
tan(In y)
=5 dy = —Infcos(Iny)| +c o 00
OR
tan(lny) g, —
J =72 dy = Insec(lng)| + ¢ 5,



[6 marks]

Examiners report

Many candidates obtained thdirst three marks, but then attempted various methods
unsuccessfully. Quite a few candidates attempted integration by parts rather than substitution. The
candidates who successfully integrated the expression often failed to put the absolute value sign in
the final answer.

5.[6 marks]
Markscheme
Using integration by parts(M1)
u=zx, g—;‘ =1, % =sin2z and v = —%cosZw (A1)

[@ (— 3 cos 232)}0% — fo% (— 5 cos2z) dz 5,
= [z (- Lcos22)]§ + [Lsin2e]? 5,

Note: Award the A1A1 above if the limits are not included.

[m (— %cosZm)]g = — %Al

[4sin22]? =

| &

x . _ ﬁ
J¥ zsin2zdz = 5 ~ 32 AGNO

Note: Allow FTon the last twoAl marks if the expressions are the negative of the correct ones.
[6 marks]
Examiners report

This question was reasonably well done, with few candidates making the inappropriate choicelof
dv
and dz. The main source of a loss of marks was in findingy integration. A few candidates used

the double angle formula for sine, with poor results.
6. [5 marks]

Markscheme

Recognition of integration by partsM1

[z*Inzdz = [ﬁlnm] —[Z xLldz

z AlAl
3 2
= [%lna:] —f%daz

3 23
— [z __]
[3 B Y
3 3 23 1
5 fatmade = (5 -5) - (0-3) (=%2)
[5 marks]

Examiners report
Most candidates recognised that a method of integration hyarts was appropriate for this question.
However, although a good number of correct answers were seen, a number of candidates made
algebraic errors in the process. A number of students were also unable to correctly substitute the
limits.

7a.[9 marks]
Markscheme

(i)



7b.

=R 1
=]

A2
Note: Award A1l for correct sin  , Al for correct sin 2z .

s

Note: Award A1AOQ for two correct shapes with 2 and/or 1 missing.
Note: Condone graph outside;;he domain.
(i) sin2z =sinz 0 S TS 3
2sinxcosx —sinx = 0M1
sinz(2cosz —1) =0

— ™
T =0,3 A1A1NINL
(ii) area = Jo' (sin2z —sinz)de
Note: Award M1 for an integral that contains limits, not necessarily correct, wittsin & and sin 2z
subtracted in either order;r

=[- %cos2a:—|—cosa:]03 AL

= (—%cosZ +cosT) — (— 1 cos0+ cos0)
3

3 (M1)

=3 _ 1
4 2

-1

— 4 A1

[9 marks]

Examiners report

A significant number of candidates did not seem to have the time required to attempt this question

satisfactorily.

Part (a) was done quite well by most but a number found sketching the functions difficult, the most

common error being poor labelling of the axes.

Part (ii) was done well by most the most common error being to divide the equation sin  and so

omit the x= 0 value. Many recognised the value from the graph and corrected this in their final

solution.

The final part was done well by many candidates.

Many candidates found (b) challenging. Few were able to substitute tlix expression correcty and

many did not even seem to recognise the need for this term. Those that did tended to be able to find

the integral correctly. Most saw the need for the double angle expression although many did not

change the limits successfully.

Few candidates attenpted part c). Those who did get this far managed the sketch well and were

able to explain the relationship required. Among those who gave a response to this many were able

to get the result although a number made errors in giving the inverse function. Ohd whole those

who got this far did it well.

[8 marks]
Markscheme
1 z _ 5 4sin’f :
fo = dz = fo s X 8 sin @ cos 8d6 MIALAL

Note: Award M1 for substitution and reasonable attempt at finding expression for gin terms of d8
, first Al for correct limits, secondAl for correct substitution for dx .

Ji¥ 8sin?0d6 o,
JoF 4 —4cos26d6



= (2?” — 2sin %) - O(Ml)
27

=3 " ‘/gAl
[8 marks]
Examiners report
A significant number of candidates did not seem to have the time required to attempt this question
satisfactorily.
Part (a) was done quite well by most but a number found sketching the functions difficuthe most
common error being poor labelling of the axes.
Part (ii) was done well by most the most common error being to divide the equation Bin z and so
omit the x = 0 value. Many recognised the value from the graph and corrected this in their final
solution.
The final part was done well by many candidates.
Many candidates found (b) challenging. Few were able to substitute tlix expression correctly and
many did not even seem to recognise the need for this term. Those that did tended to be able to find
the integral correctly. Most saw the need for the double angle expression although many did not
change the limits successfully.
Few candidates attempted part c). Those who did get this far managed the sketch well and were
able to explain the relationship requied. Among those who gave a response to this many were able
to get the result although a number made errors in giving the inverse function. On the whole those
who got this far did it well.

7c. [8 marks]
Markscheme

(i)
Y

O R —

S
\\\\\\\ ‘!

a

M1
from the diagram above

the shaced area= Jo f(%)dz = ab— fob T y)dy gy
=ab— f(f fH(z)dz pq
(i) f(z) = arcsin § = f'(z) = 4sinz 5,

2 . = .
Jy arcsin (%) dz = § — [° 4sinzdz MLALAL
s
Note: Award A1l for the limit 6 seen anywhere Al for all else correct.

= I —[~4cosz|{ Al

3
=7 -4+2V3,,

Note: Award no marks for methods using integration by parts.
[8 marks]

Examiners report

10



8a.

8b.

A significant number of candidates did not seem tbhave the time required to attempt this question
satisfactorily.

Part (a) was done quite well by most but a number found sketching the functions difficult, the most
common error being poor labelling of the axes.

Part (ii) was done well by most the most cormon error being to divide the equation bysin « and so
omit the x= 0 value. Many recognised the value from the graph and corrected this in their final
solution.

The final part was done well by many candidates.

Many candidates found (b) challenging. Few werebée to substitute thedx expression correctly and
many did not even seem to recognise the need for this term. Those that did tended to be able to find
the integral correctly. Most saw the need for the double angle expression although many did not
change thre limits successfully.

Few candidates attempted part c). Those who did get this far managed the sketch well and were
able to explain the relationship required. Among those who gave a response to this many were able
to get the result although a number maderrors in giving the inverse function. On the whole those
who got this far did it well.

[8 marks]

Markscheme ) , 1

orove that L T2 (2) +3(3) +4(3) + . n(3)" =4- 55
forn=1

LHS = L2 —4-3=1

so true forn=1R1
assume true forn=k M1
1+2(3) +3(3) +4(3) k(D) T = e

SO 2k—1

now forn=k +1
s 1+2(3) +3(3)° +4(%)3+---+k(%) +(k+1)(3)" a1

=4- 5+ (k+1)(3)" M1A1

o4 2(k+2) k+1
=4 > T (or equivalent) Al
— g4 _ GetD+2 _ k43

2)-1  (accept 2 )AL

Therefore if it is true for n =k it is true for n=k + 1. It has been shown to be true fan=1 so it is

+
true for all ™ (€ Z7) R1
Note: To obtain the finalR mark, a reasonable attempt at induction must have been made.
[8 marks]

Examiners report

0AOO 'q ' EOAT OEAO OEEO NOAOOEIT EO AO OEA AAOE!
disappointing that so many candidates failed to score full marks. The= 1 case was generally well

done. The whole point of the method is that it involves ICEAR 0T  O1 A0 1 E E& 10
OAOOOI A 888 OI AA OOOA A O 1 E ES8h CAET O 11 1 AOE

some candidates were able to show. It is astonishing that the R1 mark for the final statement was so
often not awarded.

[17 marks]

Markscheme

(a)

METHOD 1

[e** sinzdz = — cosze®® + [ 2 coszdz \ya1a1

= —cosze®® + 2e¥ sinx — f4e sin zdx A1AL

5 [e** sinzdz = — cos we® + 2e* sinz
Je* sinzde = £ €**(2sinz — cosz) + C 5
METHOD 2

[sinze?de = 2 fcosz & da 1 a1a1

11



9a.

__ sinze®®
2

5 2T 1 —
Zfe sinzdx =

e2z . eZ:z
—cosx & — [sinz Az a0

e®sineg  cosze®

2 4 Ml
2% _ 1 2200
[e** sinzdz = ¢ ¥ (2sinz — cosz) + C 5

[6 marks]
(b) i
2z o3
= [e** sinzdz
/ Vi-y? / M1A1
arcsiny = ¢ **(2sinz — cos z)(+C) 5,
z=0,y=0=C=1

when 5 M1
y = sin (5 e*(2sinz — cosz) + 3) o,
[5 marks]
(c)
A b)
R >
x
/\J e
15 |- .

4 (‘. \S'l-«) 0)
0 Al
Pis (1.16, 0)A1

Note: Award Al for 1.16 seen anywhereAl for complete sketch.

Note: A||0V\1I Iliﬁ'g on their answer from (b)

(ii) V=1 my*de \1an

=1.05 A2

Note: Allow FT on their answers from (b) and (c)(i).

[6 marks]

Examiners report

Part B: Part (a) was often well done, although some faltered after the first integration. Pgkt) was
also generally well done, although there were some errors with the constant of integration. In (c)
the graph was often attempted, but errors in (b) usually led to manifestly incorrect plots. Many
attempted the volume of integration and some obtaine the correct value.

[6 marks]

Markscheme

Iy = [ e ®sinzdz M1

LT x|
Note: Award M1 for 1o = Jo € %|sinz|dz
Attempt at integration by parts, even if inappropriate modulus signs are preseniil
—x s T —x —T . ™ T —x
= —[e " cosz]y — [y e " coszdz j, = —[e " sinz]j — [ e ¥ coszdx 5y

= —[e“cosz]; — [e “sinz]; — [ e “sinzdx

= —[e“sinz +e “cosz]y — [ e " sinzdz 5,
= —[e*cosz]y — [e *sinz]y — Iy o —[e *sinz +e * cosz]y — Iy

Note: Do not penalise absence of limits at this stage
I() =e_”+1—I0A1

12



9b.

Note: If modulus signs are used around cos, award no accuracy marks but do not penalise
modulus signs around sirx.

[6 marks]

Examiners report

Part (a) is essentially core work requiring repeated integration by parts and many candidates
realised that. However, some candidates left the modulus signs ifo which invalidated their work.
In parts (b) and (c) it was clear that very few candidates had a complete understanding of the
significance of the modulus sign and what conditions were necessary for it to beogpped. Overall,
attempts at (b) and (c) were disappointing with few correct solutions seen.

[4 marks]

Markscheme
I, = f(nH e | sinz|dz
Attempt to use the substitution¥ = T — N7 M1
(puttlng y=x —nm dy = dz anq[nm, (n+1)7] — [0, 7r])
=Jie ~(ytnm)| sm(y +nm)|dy pq
= eimr fo e Y| sin(y + nm)|dy Al
=e " [e ¥sinydy pq
=e "I AG
[4 marks]
Examiners report
Part (a) is essentially core work requiring repeated integration by parts and many candidates

realised that. However, some candidates left the modulus signsIn which invalidated their work.

In parts (b) and (c) it was clear that very few candidates had @mplete understanding of the
significance of the modulus sign and what conditions were necessary for it to be dropped. Overall,
attempts at (b) and (c) were disappointing with few correct solutions seen.

9c. [5 marks]

Markscheme
o0
Jo e ®|sinzlde = Y I,
n=0 M1
o0
=Y eI
n=0 (A1)
the 2_ term is an infinite geometric series with common ratioe™™ (M1)
therefore
oo . _ I()
fo e *|sinz|dz = e (A1)
_ lye” _ el
T 21—e) 7 20e-1) ) A1

[5 marks]

Examiners report

Part (a) is essentially core work requiring repeated integration by parts and many candidates
realised that. However, some candidates left the modulssgns inIO which invalidated their work.

In parts (b) and (c) it was clear that very few candidates had a complete understanding of the
significance of the modulus sign and what conditions were necessary for it to be dropped. Overall,
attempts at (b) and ) were disappointing with few correct solutions seen.

10a. [6 marks]

Markscheme
EITHER
let ¥ = tanz;d u = sec’zdz (M1)
con3|derat|on of change of limitgM1)
f seca: d.’ﬂ—fg ldu

: ful (AL
Note: Do not penalize lack of limits.

13



e ()
2 2 2 A1A1 NO
OR
_ ( )z 3
3 sec’z _ 3(tan z) 3
ff \3/tan:c dx [ 2 ] .
7 M2A2
2
_ 3xv33 3 _ (33/3—3)
2 2 2 A1A1 NO
[6 marks]

Examiners report
Quite avariety of methods were successfully employed to solve part (a).

10b. [3 marks]

Markscheme
[tan3zdz = [tanz(sec’z — 1)dz g

AlAl
Note: Do not penalize the absence of absolute value Gr
[3 marks]
Examiners report
Many candidates did not attempt part (b).

11a. [7 marks]

Markscheme
let M1
Al

Al1Al
Note: Award Al for limits and A1l for expression.

Al

Al
Al
[7 marks]
Examiners report
[N/A]

11b. [5 marks]

Markscheme

M1A1A1l

Al

Al
[5 marks]
Examiners report
[N/A]

11c. [7 marks]

Markscheme
A1(A1)

14



